Introduction
A problem that arises in the estimation of systems of demand equations such as the Almost Ideal Demand System (AIDS) of Deaton and Muellbauer (1980) or the Rotterdam Model of Theil(1965 Theil( , 1976 and Barten (1969) is that one of the right-hand-side explanatory variables, expenditure, may be endogenous in the sense that it is correlated with the equation errors. One source of the endogeneity it is argued [cf. Summers (1959) Lluch and Williams (1974) Deaton (1980, pp. 12-13) ], arises from the simultaneous equation nature of the problem. That is, since total expenditure is defined as the sum of expenditures on individual commodities and as these expenditures are assumed to be endogenous, we might expect total expenditure to be jointly endogenous. Even if a two-stage budgeting process is assumed [cf. Prais (1959) ], whereby a household first decides on its total expenditure and then allocates it to various *I am indebted to Martin Browning for first mentioning the topic to me and to Angus Deaton for supplying his data and for his comments on an earlier draft. I am also grateful to two anonymous referees whose comments substantially improved the exposition of many points in the paper. Any errors are, of course, my own. The research has been financed, in part, by a grant from The Leverhulme Trust, 0304.4076/85/$3.3001985, Elsevier Science Publishers B.V. (North-Holland)
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commodities so that true expenditure is exogenous, if true expenditure is measured with error, then observed expenditure is likely to be correlated with the error term -the classical errors in variables result. If, for whatever reason, expenditure is correlated with the equation errors resulting estimators will be both biased and inconsistent.
The purpose of this paper is to show that if the assumption of homogeneity of degree zero is imposed on the price and nominal income coefficients of each equation in a demand system, it is possible to estimate the covariances between the expenditure variable and the equation errors, thereby obtaining consistent estimators of the remaining structural parameters in the model. That is, the homogeneity restriction is sufficient to identify all the structural parameters in the model including the covariances between expenditure and the equation errors. Identification does not depend upon the introduction of further exogenous variables.' The estimation procedure turns out to be very simple requiring just one ordinary least squares regression in addition to those already carried out in the standard estimation of demand equations.
An important conclusion of the analysis is that a test for homogeneity, with expenditure assumed exogenous, is equivalent to a test for endogenous expenditure assuming homogeneity. Hence previous tests on demand systems which have rejected the hypothesis of homogeneity might be reinterpreted instead as rejecting the hypothesis of exogeneity of the expenditure variable where homogeneity is assumed as part of the maintained hypothesis. The next section, section 2, derives the conditions for identification of the structural parameters in the model. Section 3 develops the estimation procedure, shows how the analysis can be put into a single-equation OLS framework and derives a method for estimating asymptotic standard errors. Section 4 applies the method to the AIDS model, and section 5 concludes the paper.
Identification of structural parameters
A well known example of a differential demand system is the Rotterdam model, w~,Alnql,=~y,jAlnp,,+~iAlnm,+uit,
where w,~ is the budget share of the ith commodity, w,, = p,,qit/C) p,rq,r, qLt is 'If a further set of exogenous variables is available which can be assumed to be the determinants of expenditure, in a model where expenditure is assumed endogenous, then it should be possible to test the homogeneity postulate directly.
demand for commodity i, plr the price of commodity i, and m, is total real expenditure on all commodities at time t. We assume that one equation has been dropped to overcome the problem of the singularity of the covariance matrix of the errors u,~.
To simplify notation, rewrite the system in (1) If now z, is endogenous then E(u, zI) = a,, f 0 and estimators of I and cy will be biased and inconsistent.* The idea in this paper is in essence to estimate the elements of uU, as free parameters in addition to the unknown elements in I and (Y. That it is possible to identify the elements of uUZ can be seen by noting that with homogeneity imposed one element in each row of r is restricted and, given a non-zero correlation between x, and z,, this restriction can be exploited to estimate an element of u,,.
More formally, the model in (2) 
where U' zx = E(z,x;), Zxx= E(x,x;), w2= (cJ~~-u;&~~~)~~, ' The standard assumptions, E(u) = 0, E( xu') = 0 are applicable. replace a&, Z,, and w2 in (3) and we then require estimators for the unknown elements in r, a,, and 0~. That these elements are all identifiable can be deduced from an analysis similar to Rothenberg (1973, p. 39) .
If the left-hand sides of the expressions in (3) r1 and rr2, are considered as the unrestricted reduced form coefficients, then the identifiability of the structural parameters reduces to the question of whether we can solve the equations in (3) for the structural parameters.
Stacking the elements in 7~~ by rows, denoted by the column vector VEC( m,), let B' = [ VEC( n,)', rr;], y' = VEC(r), and 8' = (y ', a', a,:), then we wish to evaluate the rank of the matrix where 9 denotes the matrix of first derivatives of the constraint functions on the structural parameters in 8. If @ is of full column rank (k -l)(k + 2) the elements in 8' are identified. For the model in (4) we have Notice that @ has (k -l)(k + 2) rows and so the model is 'just identified', i.e., each homogeneity restriction allows the identification of one element of 0 . Note also that symmetry constraints on r may be imposed and tested s:nce they are overidentifying constraints. The condition for identification, that d = ~'zl;$~~~w~ # 0, has a simple interpretation.
The term X;,'o,, is the vector of coefficients of a linear regression of z on x, and the term w2 is the reciprocal of the variance of the error in this same regression. d is therefore the sum of the coefficients from a regression of z on x divided by the error variance from the same regression. For identification we require at least one of the regression coefficients to be non-zero.
Estimation of the structural parameters
Given that the structural parameters are identified we can return to eq. (3) to obtain an analytic solution to the problem. Let /I' = z;xluxz, the regression of z on n, then the equations in (3) become 77, = r -UUJ3'W2, 7r2 = ff + UUlW2.
Since we are imposing homogeneity restrictions on the rows of r, we may write Since r, in the first equation in (6) is now unconstrained we can solve for r, and substitute the solution into the second equation in (6) to produce
So for the'jth equation in the system the jth element of (I,,, the covariance between the jth equation error and z, is obtained by summing over the reduced form coefficients, the r's, on all the elements of x, and dividing by the sum of the coefficients of the regression of z on X, the p's, and multiplying by the variance of the equation error in this regression, i.e., l/w*. The term l/w* acts as a scaling factor for the problem in that if all the data is weighted by some constant, while ri and /3 will remain unchanged, each element of u,, will be multiplied by the square of the constant -as we would expect. A consistent estimator of a,, in eq. (7) can therefore be obtained by k ordinary least squares regressions, i.e., (k -1) demand equations and one regression of expenditure, z, on prices, x. Having secured 8,,, an estimator of U uz, the remaining parameters of the system are consistently estimated from i; = fill + s,,&ti * and & = iF2 -tiU,iy2.
What is of interest is that, from eq. (7) (I,; = 0 only if hit= 0. But the hypothesis rit= 0 is exactly the null hypothesis tested by researchers testing for linear homogeneity.
A rejection of the hypothesis that rib = 0 can therefore be interpreted as either a rejection of homogeneity given that expenditure is exogenous, or equivalently, as a rejection of the hypothesis that z is exogenous given homogeneity.
There is another way of viewing the model which is illuminating and leads to considerable simplicity in obtaining estimates of asymptotic standard errors. If we assume that the vector (x:, z,) is multivariate normal, then, using the theorem in Anderson (1958, p. 28) and expressing variables as deviations from sample means, we may express z, as a linear function of x,, i.e., z, = fi'x, + E,, where E, is normal with zero mean and constant variance. Then, consider the structure y, = Txl + az, + u I, zt = px, + E,. The equations in (9) make explicit our assumptions that the elements of x are the only truly exogenous variables in the system and that z is correlated with the elements of X. Moreover, the structure in (9) is formally equivalent, with suitable restrictions, to Hausman's 'augmented structural model ' (1977, eqs. 4-7b, 4-7c, p. 395) . He adopts the method to overcome the 'errors in variables' problem, i.e., to take into account the correlation between an explanatory variable and an equaticn error. We wish to allow for the same correlation -between z, and U, in eq. (9). In (9) and (10) we have retained the same notation for /3 as used throughout this section since it follows from Zellner's (1962) 'seemingly unrelated regression model' that /3 = ,Y 'u,, and that E(E*,)~= C2= ( ez; -u;.,~;,,'u,;).
Also, since the parameters in r and (Y are just identified, from the first equation in (10) we have r + a/3' = _z,-,l,z,,.
Now from the eqs. matrix in the usual manner. The form of the likelihood function is given in Hausman (1977, p. 397) with the determinant of the Jacobian equal to unity.
An application
The AIDS model of Deaton and Muellbauer (1980) Table lb gives the set of estimates derived on the assumption that demand equations are homogeneous of degree zero in prices and nominal income and allowing for an endogenous expenditure variable, i.e., the set of estimates obtained from eqs. (7) and (8). The final row in table lb gives the coefficients of the regression of total expenditure on prices. With the exception of the price of fuel no price coefficient appears significantly different from zero.4 However, a joint test on all coefficients using the F distribution strongly rejects the hypothesis that all price coefficients are zero. Collinearity among prices is probably responsible for the high standard errors on individual
coefficients. There appears to be enough evidence that at least one of the price coefficients is non-zero and so the structural model is identified.5 3Table la gives the results of doing things in the 'normal way', i.e., a test of homogeneity assuming expenditure is exogenous and measured without error.
"The model was estimated with an intercept, but since there are no restrictions on these parameters they do not help with the dentiftcation of the structural coefficients.
'Of course, if there are no signific mt relationships between prices and total expenditure then there will be no bias in the price coefficients when expenditure is correlated with the error term. The only bias will be in the coefficients on expenditure.
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Comparing the estimates in table lb with the DM estimates in table la, we see that the intercept terms are larger in absolute value for all categories except housing; some price coefficients have different signs but are of the same order of magnitude as the DM estimates, while some of the expenditure coefficients change sign. Very few of the price coefficients in table la are significantly differrent from zero. However, when endogeneity of expenditure is allowed for, the resulting matrix of coefficients on prices, r + a/3' as in eq. (lo), is much more strongly determined. These estimates are given in table 2.
Own price elasticities computed on the same basis as in DM have the same sign as those given in table 2 of DM, with clothing and housing being rather more price elastic.
Much more implausible are the expenditure elasticities computed from the estimates in table lb. Elasticities for food, clothing and fuel are negative implying that these commodities are inferior goods. These results suggest that the problem with the expenditure variable is .more complex than an errors-invariable type problem in which expenditure is correlated with the equation error because of measurement error. If this were the case we would expect these consistent estimators of the expenditure elasticities to be more 'sensible'. Another explanation for the result is the one given in the introduction; i.e., if total expenditure is endogenous and depends upon prices, budget shares and some omitted variables, then the concept of elasticity of demand with respect to expenditure has no meaning. In this case the correct procedure is to model the expenditure variable appropriately and compute demand elasticities with respect to prices and the omitted exogenous variables.
The final column of table lb gives estimates of the covariances between expenditure and the equation errors. Using a likelihood ratio test the covariante is strongly significant for the categories of food, clothing, housing and transport and communications with 'other services' on the borderline. This is exactly what we would have anticipated from the results in table la since food, clothing, housing and transport are the categories where homogeneity is strongly rejected by DM and where the 'other services' category is borderline.
Notice that the adding up restrictions are still satisfied for the estimates in table lb in that the intercepts sum to unity, the expenditure coefficients sum to zero and the sum of each column of price coefficients is zero. Note also that the sum of the covariances between expenditure and the equation errors is also zero. This is as it should be since the equation errors themselves sum to zero.6 6Since the analysis was carried out one equation at a time, it was unnecessary to drop one equation to avoid the problem of singularity of the error covariance matrix. The estimates of asymptotic standard errors in table lb were obtained by estimating the equations in the system in (10) by a non-linear maximum likelihood programme using analytic first derivatives to obtain an estimate of the information matrix [Attfield and Dunn (1982) ]. Table la The unconstrained parameter estimates and tests of homogeneity for the AIDS model (r-values in parentheses). Table 2 Parameter estimates of the regression of budget shares on prices, i.e., .,; = (r + @')I, + q, (estimates of asymptotic standard errors in parentheses). 
Commodity
Conclusion
The conclusion of the paper is that the failure of linear homogeneity in demand systems reported by a number of authors [cf. the papers cited in Deaton and Muellbauer (1980, p. 320) ] may be attributed instead to the presence of an endogenous expenditure variable. That is, the hypothesis of non-homogeneity with expenditure exogenous is observationally equivalent to the hypothesis of endogeneity of expenditure with homogeneity taken as given. More information is required to break this deadlock. One solution may come from the observation that most demand theorists more readily believe the postulate of homogeneity rather than that expenditure is exogenous. Failure of homogeneity may then be ascribed to the presence of a non-zero correlation between equation errors and expenditure, in which case the type of analysis undertaken in section 4 would be valid and the covariances would then be estimated.
Another approach might be to obtain further information in the form of an appropriate instrumental variable for total expenditure.
Given such an instrument the expenditure variable can be tested directly for correlation with the equation error in the manner suggested by Hausman (1978) . Whatever the approach, the estimation procedure in section 3 is so simple that it should provide a useful research tool since it can be routinely applied by investigators analysing systems of demand equations.
